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3. (45 points) Dynamic Programming

a. (10 points) Write the recursive solution to the longest common subsequence
problem '

b. (25 points) Use dynamic programming to find the length of the longest common
subsequence and a longest common subsequence of the two strings: xyxyxxxzv
and zyxyzxzy.

¢. (10 points) Is the longest common subsequence unique in this case? If yes,
justify your answer. If no, give two different longest common subsequences.
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II. (S5 points) Dynamic Programming Algorithms
1. (30 points) Consider the matrix chain multiplication problem:

a. (6 points) This problem is one application that is solved using dynamic
programming, What are the two main properties of an optimization problem that
direct an algorithm designer to investigate dynamic programming as a possible
solution? Explain them very briefly.
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b. (10 points) Write_ the recursive solution for finding the cost of the optimal
parenthesization in evaluating the product of n matrices with dimensions
M, =nxr,, M}=rxr,, M, =rxr,, M, =r xr

be aan represent Hhe st é op(nmalz
pasethesizaton & M M,
CLTs 0],
Gk 0‘ mﬂﬂ?wﬁrtamﬂ M M
on b2 y@fyumkd as  EE VXN,
cos b M, - Mo
e, tolal s Pt (4 -

M&n&w\moﬂ A

eabn M\‘:;’MV\

N 4"‘*“‘1\-\’\)

CC(,0) = g¢ven :

Scanned with CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

¢. (10 points) Fill the t ; 4 : '
for ll:Iatrix)ch | the table below by running the dynamic programming algorithm

ain multiplication developed in class o [ i
n the following matrices to
find the least number of scalar multiplications. :

l h=5.r=2,r=3,r,26,r,=4,r,=2,1r,=4
} 4 s 6 7 7 6
0 30 96 124 116 \62- )
M, M,.M, _{I».[_A_I,..M,] M,[M,.M,]) | MMM, M, [ M, o« ) &
0 36 84 96 112 &
M, M, M, | (MMM, | MMM, | MMM,
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d. (4 points) Derive from the table the optimal exact parenthisization of the product
generating the least number of scalar multiplications.
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2. (25 points) Consider the knapsack problem
a. (10 points) Write the recursive solution for finding the maximum value a
knapsack of size C can hold from n items, each having a size and a value.
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b. (15 points) Solve the following instance of the knapsack problem. There are four
items of sizes 2, 3, 5, and 6 and values 3, 4, 5, and 7, and the knapsack capacity

is 11. {ﬁ-l‘ o I Gl )
velsjeisirs,
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IV. (50 points) NP-Completeness and Turing Machines
1. (30 points) Given the following Boolean formula, which is an instance of the

Satisfiability problem .
f= (.\', VX,V .\',)A(.\',)A(x, v x,)/\(x,)
a. (5 points) Clearly define what it means when we say a problem P is NP-
Complete.

(D 1k v oan

ERANICIE A

b. (15 points) Run the polynomial time reduction from the Satisfiability problem to
the Cligue problem, described in class, on the above formula f.

-

¢. (10 points) Can you answer the question: “Does the Boolean formula fhave a

truth assignment such that it evaluates to true?” just from looking at the
constructed Cligue instance developed in part b? Clearly justify your answer.
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Question I (40 points):

For cach statement below, indicate whether it is a true statement with T, or a falsc statement with F. For
false statements, you have to correct the statement. Note that adding a “not” in the statement will not be
considered as a correction:

a. (T ) £=0(g) ifandonlyjf g = (/)

b. ( ‘F ) If fi(n) is in O(gi(n)) and f(n) is in O(g2(n)) then fi(n)f>(n) is in O(max { gi(n),

&:(n)})
U( (‘) '2—6{\)3 .

c. ( «F ) Average case analysis of an algorithm is the average value of its best case and worst

case complexities.
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| n=1

d ( F ) The solution to the recurrence 7'(n) = [ is T(n) =0O(n*).

sr('-é)m’ nz2

@(m«— A . g.u-e)wvg € 202

. o(m
ZiNee W e (i ) Qo@*g>

e. ( ’F) Radix sort can sort n integers in the range [1..n!] in O(nlog n) time.
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f. ( /r ) The SELECT algorithm, when run on n elements, guarantees that the number of
elements in Partitions 4 or A3 does not exceed Q.7n + 1.2 elements each.
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g ( —F ) The dynamic programming algorithm that solves the integer (0-1) Knapsack
problem runs in polynomial time,
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h. ( -F ) Ifyou manage to find a polynomial time reduction from a problem 7 € NP to the
Elemgpt-Ur}}queness decision problem, you Xvi“, prove that P = NP. - o
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i. (/‘/ ) For any language L that can be acce s
KL L the pted by a non-deterministic Turin machine, *
_there is a determinisiic Turing machine that can accept it. RIS

Scanned with CamScanner



https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Question II (60 points): Dynamic Programming and Greedy Algorithms

» - ’ > . . . . . . . . L4
In cbl,ass, we have developed a dynamic programming algorithm to solve the matrix chain multiplication
problem.

1. (25 points) Given 5 matrices with the following dimensions
M :Tx2, M, :2x9, M, :9%3, M,:3x2 and M, :2x8
a. (20 points) Fill the table below solving the matrix chaint multiplication problem for the above

instance.
b. (5 points) Find the optimal solution corresponding to the optimal value found in part a.
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Question ITT (50 points): NP-Complete Problems
Consider the DOUBLE-SAT decision problem given below

DOUBLE-SAT
Instance: Boolean formula fin CNF form
Question: Does fhave at least two satislying truth assignments?

1. (15 points) Consider the following Boolean formula; 91
S =% v&,) A(X) E) A Xy ))
a. (7 points) Does f have at least two satisfying truth assignments? List all its truth assignments,
if any.
b. (8 points) Let Boolean formula g be such that g = f A (yv ¥) where fis the Boolean formula

above. Does g have at least two satisfying truth assignments? List all its truth assignments, if .
any. .
2. (35 points) Prove that DOUBLE-SAT is NP-complete. (Hint: Part 1 of this question is very helpful) -

O w 0= Tee Uy = Tvul ) O(Z:qu
: Y (Y2 [l
oty one ““"QfZ)Zi druk J

1 = Ttwe
(b A ="Twa Wy = Tletan )r‘(—»’f Tawe 5 o™\

)

= dy ,Mg - Vo )’){2 :-(—\’N\—«.Q.) ﬂ:faﬂ(
. ; : L leont
ey L loes  lore o

2 W/Aaf\w(\'h’

i —————

e ~— e,

s

S . W e . |
Aot Couble SAT v an NP

(25 (Je reed o d/.’g+ prove
’P«ob(ﬂ';‘k on N Jede tronnd He aémdhm.ﬂ‘,m_" 2‘*"’5“
MJC\:e s N ?olanwic\l -4
ot vﬁ M: N cloder pansfie

Z)ﬁéﬂ—;; paslaninents’ lo A ENE Aot

}0\%,({8 i th@ n oot 10 O (M.

a('joxdam @ fuusw

Scanned with CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

’ uble AT
gr)ow ol  Sok J.‘alo»[uy OLPd.,) u y
. 1 A
W\‘Aﬂl on # mylancc ﬁ‘ _{'q/.d:abr{da. . tha ~f
oy medlo / in CNE //cﬂ 2%

() A L@fmﬂ ,“\a,/

(
1 A cut |
p aibloben et G Wﬂ,,(.wgﬁaém

(e ~ 3]
. O déjd a unmant
‘[\W odlead hos w({cﬁo( 2 ,@_Z,daa :»Q%meo
i a  instarr 66 ]
‘NAO»(" U A QA vov\aﬁf;‘,c
(A %

o svl
g 1 MW F

oai bl <hT.
,slc«"‘*‘"d e .y (nﬁﬁao

7, veﬁ‘g - 5 s

1[ hasn O Swﬁ(@a MSUA W s é 25&\-0&)‘)@5

L b il o dalse . 1hangere
ol Owr i i 3

i e Tt 8 "
Q_.QOLAS€ O n monfe
§ 5tes oot y 937 sbisfp St

6 ((sj Con X sah,(jiy\g a.sucb\r\wm«ﬁ 5 OM_Joé o 1<
&‘ o e aQ - e Lduon wwa Nemomg YA 5 & GoMibe\ngy inko |
LE 3—- [Yue y Secondk L8 A= i 4 seboly i ot yamond Loy ’C' |

Scanned with CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

092_Final
Question I (40 points): '

For each statement below, indicate whether it is a true statement with T, or a false statement with F. For
false statements, you have to correct the statement. Note that adding a “not” in the statcment will not be
considered as a correction: \

a. ( 4(’ The time complexity,for the dynamic programming algorithm solving the integer *
knapsack problem is polynomial and is ©(n).

jal
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b. ( /l/ ) If fi(n) is in O(g1(n)) and fo(n) is in O(ga(n)) then fi(n) + f2(n) is in O(max{ gi(n), *
2:(m})
1
c. ( ; ) The SELECT algorithm finds the k™ smallest element in ©(n log n). .
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: 1 n=1

. - @ 2
dy 2 ( ; ) The solution to the recurrence T'(n) = 4T(121)+nz n>2 is T'(n) (n”)

e ( 'F ) If you manage to find a polynomial time reduction from a problem = € NP to the
halting problem, you will prove that P = NP.

! ¢ x__/'\-.’i<f\_,ﬂ?" &
n(\D'% ?\(O\J\,é AN C§\ Q_\_

f ( "() For any language L that can be accepted by a non-deterministic Turing machine,
there is a deterministic Turing machine that can accept it.

g ( ) ) Radix sort can sort n natural numbers that are known to have values less than or
equal t0 999,999 in O(n) time.

%W:G”
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Questxon II (60 points): NP-Complete Problems

- (6 points) The sum of subsets decision problem is as follows:
Input: A set 4 of n integers {a,,a,....a, } and an integer M.

Question: Does A contain a subset S, such that the sum of the elements in S, is equal to AM?

(i.e., does there exist a subset.S, such that Z a, = M) ' )

aEs,

Given 4 = {5.7.9,10,22.35,60} and M =50, find a subset S, that solves the sum of subsets problem.

& o 2*&;910)‘5§g

2. (28 points) The Partition decision problem is as follows:
Input: A set S of » integers.

Question: Is it possible to partition S into two subsets ) and 8> so that the sum of the integers in S is
equal to the sum of the integers in S>? '

a. (6 points) In order for the two subsets S; and S to exist such that the sum of the integers in S} is .
equal to the sum of the integers in S, could the sum of all integers in S be odd? Explain your

answer. NO 9 S, Cg\”(,« % Z S\ = 2) ‘/32,
Josnce DS A 4 g =
z\ < — 9\ st\

be even.
/N»ujme L grould e even

b. (6 points) For the same set 4 = {5,7,9,10,22,35.60 }in Queqtlon 1 and knowing that the sum of the
elements in 4 is equal to 148, ﬁnd two subsets of 4 that solve the Partition problem.

%/(’M&g@k ook Sum 4o ”‘*8;:}4
i{b*;*é@% 27 (o, Q_Q_O;S'%
; S
S, 5.
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¢. (10 points) Prove that the Partition problem belongs to the class of NP problems.
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A eahe g ‘-(QML nemlac v. "llw‘) 1y ¢ gné N U
Sum Ao 7 X A7

v

g BB e P
d. (6 points) Consider the following set /)/lg,nCé 5 okt € Mg
B =157.910,22,3560,5199}
where 51 = 50 + 1 and 99 = 148 + 1 —50. Knowing that a solution to the sum of subsets problem
of part 1 exists (actually you already should have found it), can you find a solution to the Partition
problem when applied to the set B above? (Hint: What should the sum be equal to in this case?)

Aol = [H8+.1g0 - Q0K y
. < (Lt & Q
/'(erJO'TC ) '?C»{Gv"z s .é’..(;c,.‘n -‘—(LL:_,L,( 1Trn
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3. (20 points) Given that the sum of subsets problem is NP-Complete, find a polynomial time reduction
from the sum of subsets problem to the Partition problem. Here, you need to prove two things
a. (14 points) The transformation proposed by you is indeed a reduction.
b. (6. points) The reduction can be done in polynomial time. 3
Hint: The information in part 2(d) abgve is essentiall
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Questiqn IV' (30 points): Backtracking Algorithms.
1. (3 points) Clearly explain how backtracking algorithms are useful.

back 4 afjaﬂfw Zw[() W) wc.o&;cc s

Gavels S(’GOL '@(‘"‘"‘Mﬁ inCoryeckd cub treet.
j‘[ a/!O fwv"u&f 7 l/\faa /ﬁ" "&78"/2 mcom%
Olam ony  wafh el cost

2. (25 points) Given a set of n +ve integers X = {5. 8, 20, 17, 13, 26} and an integer 357 '
a. (20 points) Use backtracking to answer the question of whether there is a subset of X of integers
such that their sum is equal to 35. Make sure you show the intermediate steps. P G 4 2=
b. (5 points) Compare the number of subsets you checked to the total number of subsets of X. 22 ¢ €= 29

e —
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Q2. (15 points) Run the dynamic programming solution of the knapsack problem on a
knapsack of size 17 with the following items:

Item | Size | Value
| 3 5
2 4 7
| 3 5 8
4l § 11
— —
46|16 |72]2|9 |©@
O|0|D |0O|D |O|Q .
S1518 15§ |&\F
3|12 212] 212 12
g |

4) [
xRN
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Q5. (20 points) Longest Path problem: Give
vertices s, t € V and a positive inte
more?

iven a wcightcd graph G = (V,E), two distinguished
gerk, is there a simple path in G from s to t of length kor - .

Prove that the Longest Path problem is NP-Complete. (Hint: reduce the Hamiltonian Path
problem to the Longest Path Problem)
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; y low.
QG. (15 points) Apply the backtracking algorithm for the 3-coloring problem on the graph belo
Make sure you show all intermediate steps. \

2
b Cp

CO('OYQ: ‘) 2 ) ’5

VQVPMR O\,b,c,d,-e,£
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